Abstract. In 1999 Orin Chein and Andrew Rajah [3] presented the following question. If a Moufang loop G contains a normal abelian subgroup N of odd order such that G=N is cyclic, must G be a group? Here we prove that a Moufang loop that is an extension of an abelian group of odd order by a cyclic group has a normal subgroup of index dividing 3.
Introduction

A Moufang loop is the generalization of a group that arises when the associative law is replaced by a Moufang identity ðxyÞðzxÞ ¼ xðð yzÞxÞ:
It is clear that the associative law implies the identity, and that every group is a Moufang loop. It is well known that the converse is not true and the purpose of this paper is to determine when a Moufang loop is a group under certain conditions. It was shown by O. Chein and A. Rajah [3] that if m is odd then every Moufang loop G of order 2m which contains a (normal) abelian subgroup N of order m is a group. However, if G is a Moufang loop with a normal abelian subgroup N of odd order where G=N is cyclic of order divisible by three then there is no guarantee that G is a group. If q 1 1 ðmod 3Þ is an odd prime, there exists a non-associative Moufang loop K, constructed by A. Rajah [11] , of order 3q 3 which contains a normal abelian subgroup H of order q 3 . Here ð3; q 3 Þ ¼ 1 showing that it is not enough to assume that jKj and jK=Hj are relatively prime.
It is known from G. Glauberman [7] that every finite commutative Moufang loop is the direct product of a commutative 3-loop with an abelian group of order relatively prime to three. A non-associative commutative Moufang loop of order 81 and exponent 3 with a normal abelian subgroup of order 27 was constructed by Zassenhaus [1] . The other non-associative commutative Moufang loop of order 81 with exponent 9 was constructed by T. Kepka and P. Nȇmec [9] . Therefore, for any positive integer n relatively prime to three one can construct a non-associative Moufang loop K with a normal abelian subgroup H such that K=H is cyclic of order 3n.
The following theorems are proved in section four. Even with the lack of associativity Moufang loops still capture many properties that hold for groups. It was shown, in [6, 8] , that Lagrange's Theorem not only holds for groups but also for Moufang loops.
Theorem 2.1 (Moufang).
If three (not necessarily distinct) elements in a Moufang loop associate in some order then they associate in any order and the subloop which they generate is a group. This was first proven by Ruth Moufang [10] and then later by R. H. Bruck [2] . A useful lemma that immediately follows is the following. Another fact that follows from Theorem 2:1 is that every Moufang loop is diassociative meaning any two of its elements generate a group. Thus if H is a Moufang loop of odd order then each element x of H has a unique square root which will be denoted by x 1=2 .
We will define permutations RðxÞ and LðxÞ for an arbitrary loop L in the following way: If L is a Moufang loop and x A L then the following map
is called conjugation by x and the image of an element g will be denoted by g x or gTðxÞ where TðxÞ ¼ RðxÞLðx À1 Þ. Note that such a map is well-defined and onto due to the fact that Moufang loops are diassociative and
For any loop L the inner mapping group is the group of elements in MltðLÞ that stabilize the identity. It has been shown in [2] that the inner mapping group is generated by TðxÞ, Rðx; yÞ ¼ RðxÞRðyÞRðxyÞ À1 , and Lðx; yÞ ¼ LðxÞLðyÞLðyxÞ 
Groups with triality
We now look at the correspondence between Moufang loops and groups with triality in preparation for the proofs of Theorems 1:1 and 1:2. It was shown by Doro [4] that for any Moufang loop L there exists a group G with triality S such that L is the corresponding Moufang loop. However, such a group is not necessarily unique. 
Generating a group
Here in this section GðLÞ will be our notation of a group with triality 
Hence jj H is an automorphism of ðH; . Þ. r Proof of Theorem 1.1. Since G=N is cyclic of order relatively prime to three, G ¼ hN; bi for some b A G where 3 F jbj. Thus b ¼ a 3 for some a A G. Since N is a normal abelian subgroup of odd order, by Theorem 4:5, G ¼ hN; bi is a group. This completes the proof of Theorem 1:1. r Proof of Theorem 1.2. Since either K=N G Z or K=N is cyclic of order divisible by three, K ¼ hN; ai for some element a A K whose order is either infinite or divisible by three. Let b ¼ a 3 . Therefore, by Theorem 4:5, G ¼ hN; bi is a subgroup of index three. This completes the proof of Theorem 1:2. r
